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Abstrat
Using an exatly solvable model of the Wigner-Weisskopf atom it is shown that an unstable quantum state
annot be reovered ompletely by the proedure involving detetion of the deay produts followed by reation
of the time reversed deay produts state, as proposed in [1℄. The universal lower bound on the reovery error
is approximately equal to 5% of the error per yle - the dimensionless parameter haraterizing deay proess
in the Markovian approximation. This result has onsequenes for the eieny of quantum error orretion
proedures whih are based on syndrome measurements and orretive operations.
One of the most disussed problems in physis is the origin of marosopi irreversibility despite the mirosopi
reversibility of (almost) all known laws of Physis. The standard explanation relies on the unavoidable loss of
information about orrelations between mirosopi onstituents of a marosopi system. On the other hand,
it seems, that for a small quantum system there are no fundamental obstales to rereate its initial state with
an arbitrarily high delity. Consider, as an example, the spontaneous emission from a two-level atom at zero
temperature whih is a paradigmati irreversible proess. The rst method of the initial state reovery for the
exited atom in vauum is to put the atom into an optial avity. Then due to Poinaré reurrenes the emitted
photon is reabsorbed and one observes a sequene of revivals of the initial state [2℄. Obviously, the revivals are
not perfet, beause the avity is not an ideally isolated system and dissipates energy to the external world. The
ultimate presene of the external world an be always modeled by onsidering the spontaneous emission proess
in an innite spae. In this setting one an again try to reover the initial state by performing a measurement
whih detets the emitted photon and then sending a properly designed single-photon state whih orresponds to
the time-reversed emitted wave-paket. An ingenious experiment realizing this idea has been proposed in [1℄. The
question arises whether in priniple and under ideal onditions the initial state an be reovered with the delity
arbitrarily lose to one. I am going to show that this is not the ase.
Consider a model of the Wigner-Weisskopf atom (for the rigorous analysis of this model, see [3℄) with the Hilbert
spae spanned by a single vetor |e〉 orresponding to the initial exited state of the atom + the vauum state of
the eld and the manifold of single photon states (wave pakets) {|φ〉} representing the ground state of the atom
+ emitted photon. The nal result does not depend on the detailed struture of the deay produt's (photon's)
Hilbert spae, only ontinuity of its energy spetrum matters. Hene, for brevity, I an treat the wave paket as a
funtion of the angular frequeny (or energy) only, φ(ω), ω ≥ 0, and the Hamiltonian an be written as (~ ≡ 1)
H = H0 + V , H0|e〉 = ω0|e〉 , H0φ(ω) = ωφ(ω) , V = |e〉〈g|+ |g〉〈e| (1)
with the form-fator g(ω) desribing the loalized oupling of the atom to the eld. After detetion of the emitted
photon followed by the reation of the designed wave paket ψ˜, say at time t0 = 0, the system evolves aording to
the full Hamiltonian H yielding after time t the state
|Ψ(t)〉 = e−iHt|ψ˜〉 = e−iHteiH0t|ψ〉 (2)
whih should be as lose as possible to the initial state |e〉. Here the wave paket ψ˜ has been written in the form
eiH0tψ . This is always mathematially possible and has a physial meaning as for longer arrival times t one needs
wave pakets reated far away from the atom. This is ahieved by shifting "bak in time" by the free dynamis the
paket ψ loalized in the neighborhood of the atom. The ontinuous spetrum of a photon in an innite spae and
the loalized harater of the atom-photon interation implies the onvergene
lim
t→∞
e−iHteiH0t|ψ〉 = W |ψ〉 (3)
1
where W is the Møller wave operator. The onvergene is fast on the time sale orresponding to the sattering
time and therefore in the onsidered situation one an replae W (t) = e−iHteiH0t by W . Using the identity
W (t) = 1− i
∫ t
0
W (s)
(
e−iω0s|e〉〈gs|+ h.c.
)
ds (4)
one an ompute the probability amplitude for the reovery proess with the initial paket ψ
R(ψ) = 〈e|W |ψ〉 = −i
∫
∞
0
〈e|e−iHs|e〉〈gs|ψ〉ds = 〈φ0|ψ〉 (5)
where φ0 is given by
φ0(ω) = i
(∫ ∞
0
eiωt〈e|e−iHt|e〉dt
)
g(ω) = iS˜(−iω + 0)g(ω) . (6)
The Laplae transform S˜(z) of the survival amplitude S(t) = 〈e|e−iHt|e〉 an be easily omputed. Introduing two
funtions F (t) = 〈e|W (t)|e〉 = S(t)e−iω0t and G(t) = 〈e|W (t)|gt〉 one obtains from (4) the oupled equations
F (t) = 1− i
∫ t
0
G(s)eiω0sds , G(t) = −i
∫ t
0
F (s)e−iω0sM(t− s)ds (7)
with M(t) = 〈g|gt〉. The equations (7) are solved by the Laplae transform and yield
F˜ (z) =
1
z + M˜(z − iω0)
. (8)
This allows to ompute S˜(−iω + 0) = [i(ω − ω0) + γ(ω)]
−1
with the frequeny dependent deay rate
γ(ω) = π|g(ω)|2 . (9)
A standard renormalization of the frequeny ω0 has been also performed. The delity of the reovery proess
F(ψ) = |R(ψ)|2 is maximal for the hoie ψ = φ0/‖φ0‖ and is given by the exat expression
Fmax = ‖φ0‖
2 =
1
π
∫
∞
0
γ(ω)dω
(ω − ω0)2 + γ(ω)2
< 1 . (10)
In the weak oupling Markovian approximation one an replae in (10) γ(ω) by γ ≡ γ(ω0) << ω0 to obtain (11)
Fmax =
1
π
∫
∞
0
γdω
(ω − ω0)2 + γ2
≃ 1−
1
π
∫
0
−∞
γdω
(ω − ω0)2
= 1−
1
π
γ
ω0
. (11)
The presented model, although simplied, aptures all essential features of the deay proess into open spae, or
in other words with deay produts having ontinuous energy spetrum. The exat formula (10) and its Markovian
approximation (11) are universal, at least in the leading Born approximation whih happens to be exat for the
Wigner-Weisskopf model. An even more universal form an be obtained introduing two dimensionless quantities:
the error per yle given by η = γτ = 2πγ/ω0, ω0 = 2π/τ and the minimal error of reovery ǫmin = 1 − Fmax.
Hene (11) is equivalent to
ǫmin =
1
2π2
η ≃ 0.05η . (12)
Another relation an be obtained for the sheme of many measurement and orretion yles. To preserve the initial
exited state during the time t one needs, on the average, n = γt measurements followed by orretive operations.
Then the delity of the initial state under perfet onditions (perfet measurement and wave paket preparation)
is given by
F(t) =
[
1−
1
π
γ
ω0
]n
≃ e−ηcorrt/τ . (13)
where
ηcorr ≃ 0.05η
2
(14)
an be alled a orreted error per yle.
Heuristially, the bound (12) an be seen as a manifestation of the following thesis:
2
An unstable quantum state annot be prepared with the probability equal to 1, the deviation from 1 is always of
the order of
~Γ
E
(15)
where E is the energy sale used to separate the unstable state from the other states of the system and Γ is the deay
rate of this state.
The above statement is a simple onsequene of the Heisenberg relation for energy and time. If a given state
diers from the others by the energy E we need at least time T of the order ~/E to perform the measurement whih
an separate this state. The same relation ET ≃ ~ holds for the time T needed to "rotate" a system from a known
stable state (ground state) to an orthogonal unstable one using the energy level splitting E [4℄. In both ases, due
to irreversible proesses the loss of delity during time T is of the order of ΓT ≃ ~Γ/E.
For physial realizations of the spontaneous emission proess the values of (12), (14) are too small to be reahed
experimentally, for instane, using the ideas of [1℄. However, the bounds (12), (14) have some fundamental meaning
for the theory of quantum error orretion, an important issue in quantum information proessing [5℄. The ative
error orretion relies on the measurement of a syndrome whih determines whether a qubit has been orrupted by
noise. Then the error is reversed by applying the orretive operation based on the syndrome. For the disussed
model of the state reovery the photon's detetion orresponds to the measurement of a syndrome and reation of
the optimally designed single-photon wave paket is the orretive operation. The parameter η is alled an error
per gate in the ontext of quantum information proessing. As the presented model is paradigmati for quantum
irreversible proesses and, moreover, unlimited resoures like perfet measurement and perfet state preparation
are used in the reovery proess, I laim that the 5% rules (12),(14) provide relevant bounds on the eieny of
any ative measurement based error orretion proedure. In order to ompare this result with those based on error
orreting odes and ative error orretion the distintion between error orretion and error prevention should be
made. Any error orretion sheme an be desribed in terms of subsystems [6℄, suh that the proteted enoded
qubit orresponds to a ertain 2-level subsystem and the other degrees of freedom an be treated as a part of an
environment. To obtain an arbitrarily high level of protetion we have to use self-orreting systems whih redue
the eetive oupling of the enoded qubit to environment fast enough with the inreasing size of the ode. It
follows from the fat that, as shown above, the ative part of an error orretion sheme gives only a universally
bounded redution of error independent of the details of orretion proedures. This provides another argument
that the existene or nonexistene of self-orreting quantum memory is a fundamental question for the feasibility
of fault-tolerant quantum information proessing [7, 8℄.
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